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A SECOND-ORDER FINITE DIFFERENCE METHOD FOR
SINGULARLY PERTURBED NONLINEAR DELAY PARABOLIC
PROBLEMS WITH PERIODIC INITIAL-BOUNDARY
CONDITIONS

Abstract. In this paper, a numerical study for the singularly perturbed nonlinear delay
parabolic problems with boundary conditions are made. A finite difference method based on
the mesh with adaptive points are proposed. The method employs interpolating quadrature
rules containing integral remainder terms with linear basis functions ensuring a second-order
accuracy rate on an adaptive mesh. The proposed method exhibits second-order convergence
in the space variable, and first-order in the time variable, regardless of the perturbation
parameter. Stability analysis is provided, and numerical experiments corroborate the
theoretical findings. The results demonstrate the effectiveness of the proposed approach in
accurately solving singularly perturbed nonlinear delay parabolic problems with boundary
value conditions.
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Introduction. In this article, we study the following problem:

- 5227;‘ +a(0) 2+ b(x, u + c(Oulet — 1) = fxtw), () €D, (1)
u(x,t) =yP(x,t), (xt)€[0,1] x[-r,0], 2
u(0,t) =u(,t) =0, te[0,T] 3)

where 0 < £ < 1 perturbation parameter, r delay parameter, T = kr,k € Z* [0,T] =

Uk (G = Dr,ir]; a(x), b(x,t),c(t) and f(x,t,u) are sufficiently smooth functions.
« « af (x,tu) af (x,tu)

Also, 0 < a < a(x), 0 < b(x,t) <b*, ¢ 2c(t)>0ve| I | | - |SM.
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Conditions and methods of research. Such problems arise as mathematical
models of the object studied in many fields of science. This problem contains
boundary layers where the solution changes rapidly due to its singular perturbation
feature. Since the solution changes rapidly at these boundary layers, the algorithm
may not be stable due to the derivatives tending to infinity in classical difference
problems. For this reason, difference schemes will be established with interpolation
guadrature rules containing the integral remainder term and basis functions [1]. Since
the coefficient of the highest order term of the differential equation has a small
parameter, parameter-dependent singularity occurs. For this reason, choosing the
basis functions to zero out the remaining terms in the highest order derivatives is an
advantage of the method used. In addition, since the quadrature rules have integral
remainder terms, they cause the conditions of the solution function and its derivatives
to be alleviated due to the feature of the integral operator. This is another advantage
of our method.

In this article, a difference scheme will be established using linear basis
functions on a adaptive mesh [6-7].

Research results and discussion. For such problems, you can also refer to
the following resources [2-5,13-14].

1. Asymptotic Estimation for Continuous Problem

For the problem (1)-(3), we write:

flx, t,u) = f(xt0)+af(xtu), fi=yu, 0<y<l1

where such that
i)f(x t, )

F(x,t) = f(x,t,0), B(x,t) =b(x,t) —

The problem (1)-(3) changes the following linear problem

Lu=20— 20+ a(0) 2+ B(x, u + c(Oulx, t - 1) = F(x, 1), ()
ulx, t) =y (x,t), (xt)€[0,1]x][-r0], )
u(0,t)=u(l,t) =0, te€[0,T]. (6)

where T = mr and [0,T] = Uy L, I, = [pr, (p + D)r]. Here, we have the domain
[0,1] x I, for proof. Then will be made the proof for the domain [0, {] x I; and using
Bellman will be generalized to the [0, ] x 1, region Bellman.

Lemma 1. The following estimations are true for the solution of the problem

(1)-(3):

a5tky _
xw|| < e=2C, {Ip(x, OI12 + [° G, DIPdr + IFIZ, i} 5= 0125k =

Proof. Using the inner product (Lu,u) = (F,u) and energy inequalities, we
have the inequality (7).

For p=1, so if we say u(x,t) =u, (x,t), (x,t) €[0,7r]; for [0,l]]xI; =
[0,1] % [r, 27]; in a similar way we have:
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22| < e76, flluy G DI + ] g G 0IPdr + IFIE, ),
s=012;k=01;p=1.

If we continue in this way, we get the following general estimation for

[0,1] x I, = [0,I] x [pr, (p + D]

gstky

- 2
axsatk” <es/2C {”up (x,p(r — 1))|| + [ (r 1)||u1,, (x,7)||"dr,

+IFIIZ oy s = 0,1,2;k = 0,1 [8-12].

2. Construction of Difference Schemes

In this subsection, adaptive mesh points are presented. For these points, the
mesh generation function that Bakhvalov 1969, mentioned in his paper is used.

Let w denote the mesh on D, where w = wy X w,

Wy = {xi = ihi, i = 1,2,...,N — 1, h’i =X —xi_l},
w.={t=jr, j=12..,M ="},
wf =wyU{x=0,1},0, =w, U{t=0}

Let the mesh function v be defined on wy. In this study, the notations used
are given by Samarskii [15]:
Vit1~Vi Vi—Vi—1 Vi+1~Vi Ux—Vx

v, =—— V; = Ve = Vg =
* higg % n Ry X hy

3. Let the function g(t) be defined on mesh w,. Then the formulas are the
following:

_ 9j+179i _9j=9j—1 _ 9j+1729jtgj—1
9t = gt = yJie =

T T 72

Bakhvalov mesh points [6-7] are as the following:

—o” sln 1—(1—8) ) i=0,1,...,ﬁ,xi€[0,01], if01<%;
al
—a Sln (1_6 4£> > [ = 01 'xi € [0,01], ifo-l :é,

| o + )h(l) i== + 1., x € [0g,1], A = 72(621\1_61);
where, o; = min {é, —a teln e}.
We write the following difference schemes:

fy:yt!i_gyéxi-i_aiyagl +by/
=f(xl, y(xl,t))—cf J= MO, i=1,.,N-1;j=1,..,M, (7
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y(xot) =w(x,t); -Mg<j<0, 0<i<N, (8)
y(0.4) = y(L)), tj € W C)]
. TM . T M . TM . .
where, t;—r=j7— rem =TT — = jT——— = jT —TMy = 7(j — M) = tj_p,,
M
; = Mo.

4. Error Estimation
Lemma Let be respectively the solutions of the problem (1)-(3) and the
solution of the problem (7)-(9) u and y. The following estimation is true:

ly/ —z/| < cv2+ 7).

Conclusion. A finite difference method based on the mesh with adaptive
points are proposed. The method employs interpolating quadrature rules containing
integral remainder terms with linear basis functions ensuring a second-order
accuracy rate on an adaptive mesh. The proposed method exhibits second-order
convergence in the space variable, and first-order in the time variable, regardless of
the perturbation parameter. The results demonstrate the effectiveness of the proposed
approach in accurately solving singularly perturbed nonlinear delay parabolic
problems with boundary value conditions.
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KELWEYINAENATIH }OHE NEPUOATbI BACTAMKbI-LLETKI *KAFAANNAPDI AP
CUHTYNAP/bI BY3bIJ1FAH CbI3bIKTbIK EMEC MAPABOJIAJIbIK ECEMTEP YLUIH EKIHLUI
PETTI COHfbl AMbIPMALLbINILIKTAP 9A4ICI

AHAaTna. bya }KyMbICTa apTTa KanfaH XKaHe LWeKapasblK *Kafaannapbl 6ap Cbi3bIKTbIK,
emec napabonanbik ecenTepre XKypri3ireH caHAblK 3epTTey HaTUXKenepi KenTipinreH.
AZanTuBTi HyKTenepi 6ap TopFa Heri3genreH akblp/ibl aliblpMallblbIKTAP 34iCi YCbIHbIAAAbI.
O4ic afanTUBTI TopAa eKiHWi peTTi A9/AJKTI KaMTamacbl3 eTeTiH CbI3bIKTbIK Heri3
byHKUMANapbl 6ap WHTerpanzbl Kangblk MyllenepaeH TypaTblH MHTEPNOAAUUANbIK
KBagpaTypasblk epexenepai KongaHagbl. YCbIHbIIFAH 94iC KEHICTIKTIK  aMHbIManbl
6OMbIHILA eKiHWIi peTTi aHe 6y3blay NapameTpiHe KapamacTaH YyaKbIT alHbIMasbIChl
6olibIHIWA BipiHWI pPeTTi KoHBEepPreHUMaHbl KepceTei. TYpaKTbINbIKTbI Tafaay KenTipinreH,
a/l CaHAbIK 3KCMEPUMEHTTEP TEOPUSAbIK TYXKbIPbIMAAPAbl Kondanabl. HaTuxkenep aptra
Ka/sfaH JXoHe LeKapanblk Xafgannapbl 6ap CUMHryAap/abl Oy3binFaH CbI3bIKTbIK emec
napabosanbik ecenTepAi 491 WeLy YWiH YCbIHbIIFaH TaCINAIH TUIMAINITIH KepceTeai.

TipeKk ce3gep: napabona-KewWwiKTipireH aNANNTUKANbIK ecenTep, aCUMNTOTUKAbIK
Tanzay, aKbip/bl aliblpMaLllblNbIK a4ici, 6ipKeki KoHBepreHuus, baxsanos Topbl.
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METO/, KOHEYHbIX PASHOCTEN BTOPOIO MOPAAKA ANA CUHTY/NIAPHO
BO3MYLUEHHbIX HE/IMHENHbIX MAPABO/IMYECKUX 3AZ1AY C 3AMNA3AbIBAHUEM U
NEPMOAUNYECKUMU HAYANIbHO-KPAEBbIMW YC1OBUAMMU

AHHOTauma. B paHHOM paboTe npeacTaB/ieHO YWUC/IEHHOE Wucc/efoBaHue
CUMHIYNIAPHO BO3MYLUEHHbIX HE/IMHEWHbIX NapabosMyeckux 3agay € 3anasgbiBaHMem W
rPaHMYHbIMKU ycnoBuAMU. MNpepnaraetca MeTod KOHEYHbIX Pa3HOCTEN Ha OCHOBE CETKU C
a[anTUBHBIMW TOYKaMWU. B meToge MCMnonb3ylTca WMHTEPNoAMPYHLWME KBaZpaTypHble
npasuaa, CoAep’Kalime WMHTerpanbHble OCTaTOYHble YNeHbl C JIMHEWHbIMU 6a3MCHbIMK
byHKUMAMKM, obecneymBatolime TOYHOCTb BTOPOro MOpsAAKa Ha afanTUBHOW ceTke.
Mpepgnaraemblit  MeTo4  AEMOHCTPUPYET  CXOOMMOCTb  BTOPOro  nopsgka  no
NMPOCTPAaHCTBEHHON MEepPeMEeHHOlM W NepBOro Nopsiika Mo BPEMEHHON nepemeHHOW,
He3aBMCMMO OT NapameTpa Bo3mylLLeHMA. MNpuBeaeH aHaIN3 YCTOMYMBOCTM, @ YNC/IEHHblE
3KCMEepUMEHTbI MOATBEPKAAIOT TeopeTuyeckme BbiBOAbl. [lonyyeHHble pe3yabTaThbl
AEMOHCTPUPYIOT 3GPEKTUBHOCTL MNPEeS/IoKEHHOr0 MNoAxoAa AN TOYHOIO pelleHus
CUHIYNAPHO BO3MYLLEHHbIX HENMHENHbIX NapabosMyeckux 3agay C 3anasgplBaHWem W
rPAaHUYHBIMW YCOBUAMM.

KnioueBble cnoBa: napaboso-aNnUNTMYECKME 334auyM  C  3anasgablBaHUEM,
ACMMNTOTUYECKUIA aHANN3, METOL, KOHEYHbIX Pa3HOCTElM, paBHOMEPHAsA CXOAMMOCTb, CETKa
baxsanosa.
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