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SIMULATION OF SUSPENSIONS SEDIMENTATION INTO
VESSELS AND THROUGH-FLOWING DEVICES

Abstract. The two novel models of sedimentation of polydisperse suspensions have
been submitted. The first model has been developed for the sedimentation of a polydisperse
suspension in a vessel. This model is a development of the general model developed in the
authors previous works, based on a continuous distribution function. Use a continuous
function of particle size distribution of the dispersed phase allows us to buid the model in the
form of a diffusion-type equation with source terms. The second model is devoted to
describing the process of sedimentation of a polydisperse suspension in a flow-through
systems. A concept has been developed for calculating the distribution of the dispersed phase
in the flow leaving the apparatus based on a pricipally new methodology of boundary
deposition curves. The developed models make it possible to calculate the evolution of the
position of the sedimentation front and the sediment surface both along the height of the
vessel and along longitudinal coordinate of the through-flowing apparatuses. An expressions
and computer code for calculating the evolution of the sedimentation fronts have been
developed, that is of importance for calculating the kinetics of sedimentation of polydisperse
suspensions.

Keywords: model of sedimentation, polydisperse suspensions, gravitational
sedimentation, boundary deposition curves, sedimentation in through-flowing systems.
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Introduction. Sedimentation processes are extremely widespread both in
nature [1] and in various technological processes [2]. These are processes and
phenomena in various nature bodies of water: from rivers and lakes — to seas and
oceans [3]; volcanic events, mudflows [4], groundwater flow [5] and seepage
through dams [6]. These are also phenomena that occur in living nature: from micro
[7] to macro levels [8]. In industry, these are processes occurring in devices for the
production and purification of target technological suspensions [9], as well as during
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the purification of emissions [10]. Sedimentation processes play an important role in
pharmacology [11] and medicine, at the level of drug production [12] and laboratory
analysis [13] and even therapeutic techniques [14].

It is necessary to distinguish between the characteristics of sedimentation in
stationary reservoirs and in flow-through systems and apparatuses.

Sedimentation processes are widely spread in nature and are also an important
part of various technological processes [15]. At the same time, sedimentation,
especially when it comes to polydisperse suspensions, is accompanied by various
attendant processes, and it can occur in different modes [16], which makes it a very
complex problem to construct adequate mathematical models that are convenient for
use in engineering calculations [17]. In the case of a bidisperse suspension, the
kinetic curve of sedimentation consists of three linear sections [18]. However, such
a model cannot be developed for the case when aggregation of different fractions can
be possible [19]. If the division into a conditionally coarse and conditionally fine
fraction does not provide a correct description of the fractional composition of the
suspension, then the model [18] does not work. In the case of highly concentrated
dispersions, in addition to the possibility of aggregation of fractions, it is also
necessary to take into account the mutual influence of different fractions on the rate
of aggregation of each other [20]. Therefore, the problem of theoretical description
of sedimentation of highly concentrated dispersions [21] is far from a satisfactory
solution [22]. Engineering models should not be too complex, adequately describing
the quantitative regularities of the process [23], and provide correct estimates of the
control parameters [24], which is very important for the optimal calculation of
equipment [25]. In this paper, a macroscopic sedimentation model based on the
particle distribution function in a polydisperse suspension [26] is proposed for
discussion.

The results obtained can be applied to fluids with suspensions of fairly coarse
particles in a turbulent flow regime [21]. During the sedimentation of fine particles
in slow flows, the role of flow velocity fluctuations on the intensity of sedimentation
increases [22]. During the sedimentation of fine particles in slow flows, the role of
flow velocity fluctuations on the intensity of sedimentation increases [23]. The work
demonstrates that the presence of a horizontal velocity shear can further influence
this vertical transport [24]. The work devotes to experimental investigation of
sediment accumulation impacts the operational efficiency of water pumps [25]. The
first mentioned model allows calculating the diffusion coefficient during
sedimentation of a highly concentrated polydisperse suspension in a vessel taking
into account the constraint of movement of various fractions of the dispersed phase
[23]. Although attempts to construct such models have been made previously [25],
further work is required to develop a generalized mathematical description and
identify the main control parameters of the model.

In the presented work, a generalized model for difficult sedimentation not
accompanied by aggregation in the dispersed phase is developed. An analysis of the
presented model as applied to sedimentation with mutual aggregation of various
fractions will be carried out and presented in subsequent publications.

The first submitted in the paper model devotes to describing sedimentation
process into vessels. This model basically corresponds to the model developed
earlier and described in the previous authors work [26], developing it, however,
somewhat. The second model in this work devotes to describing the process of
sedimentation in a through-flowing apparatuses. This model is original, and it is
submitted for the first time in the paper.
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Materials and methods. The diffusion model of sedimentation is based on
the idea that, due to the different sedimentation rates of different fractions, several
fronts of suspension sedimentation are formed. In this case, there are two main
moving free boundaries: the sedimentation front S and the surface of the forming
layer of sediment H*. A further generalization of the model for describing the
sedimentation of polydisperse suspensions is based on a diffusion-type equation. A
similar equation for each i-th conditional density p; of the fraction has the form [26]:

ap; °p;
ﬁ = Deff(i)ay—/;+ (1) )

Here Dg(;) is the effective fractional diffusion coefficient, determined taking
into account the deposition rate of each fraction; 1(p;) is the source function, due to

the transition of particles from one conditional phase to another, namely, from
suspension to the layer of sediment. The appropriate control equation reads:

a o°p

Ep:Deff?‘H(p) (2
In order to describe process in the case of a continuous particle size

distribution function f(d) the following average diffusion coefficient can be used:

Dur = 5 [ P 410 el ©

According to [26], the conditional driving force of the sedimentation process
can be represented in the form of a gradient law:

Feed ~ %p = kp(p - p*) (4)

In order to match the gradient law with the diffusion relation it shoud be
assumed that the source function 1(p) becomes zero at some hypothetical

intermediate suspension density 0< p, <p* corresponding to the density of high

concentrated suspension nearby the interface between suspension and sediment [26].
In this zone the rates of different fractions sedimentation are almost the same [27]:

1(p)=—10(p-ps o) (%)

It should be noted that additional studies will be required to assess the impact
of the accuracy of determining the parameters of the distribution function on the
errors in calculating the kinetics of sedimentation and the dynamics of the
sedimentation front. A somewhat different approach is developed in this paper to
create a sedimentation model in flow-through devices. The new model is based on
the following assumptions:

1. First, it is possible to clearly identify a certain finite number of fractions
that differ in order, i.e. in size.
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2. Secondly, it is assumed that the composition of the dispersed phase is
homogeneous, i.e. all particles of the solid phase carried away by the flow consist of
one substance.

3. Thirdly, the partial concentration of the solid phase is not too high. Then,
the mutual influence of different fractions on the intensity of their sedimentation can
be neglected. Note that this assumption is not critical, and the model built further can
be developed without this assumption. However, in this work, such an assumption is
made to facilitate a clear description of the structure of the novel model. Some
considerations on this issue are given below in the work.

4. Fourth, it is assumed that the shape coefficients of different particles do
not differ significantly. Thus, it is possible to accept a uniform dependence of both
the coefficient of particle entrainment by the flow and the parameters that determine
the settling rate of particles on the order of particles, i.e. on their characteristic size.

5. Fifthly, the distribution of particles of various fractions at the entrance to
the apparatus is assumed to be uniform over the entire inlet cross-section. Thus, the
partial distribution function in each local region of the input section is the same.

From the five main premises highlighted above, in turn, the provisions of the
concept for constructing a model follow: Its own deposition front can be constructed
for each fraction. This follows from first, third and fifth assumptions. The second
and fourth assumptions make it possible to use uniform calculated dependencies for
calculating deposition fronts of various fractions.

Problem statement and model concept.

1. In the stationary mode, there are formed certain curves, which can be
denoted as fraction clarification or sedimentation fronts [28].

2. There is a fraction whose extreme clarification front extends from the
initial cross-section to the lower point of the final cross-section of the through-
flowing apparatus. This front denotes the finest fraction of those particles that are
completely deposited along the apparatus and do not fall into the suspension flow
leaving the apparatus r, >r, >r; >r, > . The plot Cs is shown in Figure 1.

3. The clarification fronts of finest fractions do not end at the lowest point of
the apparatus. Therefore, particles of such fractions leave the apparatus together with
a flowing stream.

4. Letthe symbol C;_ denotes the front of clarification of the critical fraction

(i.e., the finest of the fractions that are completely deposited in the volume of the
apparatus and are not represented in the flow leaving the apparatus).
5. Thus, the breakthrough of a fraction of order i<i, into the flow leaving

the apparatus occurs in the “band” between the two boundary deposition curves (Fig.
2): ¢"and c?. The lower boundary curve c? for a given fraction irepresents the

trajectory of a particle of this fraction, entering the working volume of the apparatus
at a certain point below the upper left point and exiting the apparatus at the lower
right point of the outlet section.

6. Let the symbol C;  denotes the front of clarification of the finest from all

fractions in the mixture. Then the average concentration of any fraction from the
interval i, <i<iy atthe outlet of the apparatus for the case of a discrete distribution

of fractions uniform over the inlet section can be described by the formula
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7. If, in addition, the rate of sedimentation of the fractions weakly depends
on the distance to the lower wall (bottom) of the apparatus, and it depends on the
fraction order only, then the sedimentation fronts will be straight lines. Then the
previous formula can be rewritten as:

f A0
f\_ SiG
)5 ™
2.CjS;
1=min
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Fig. 1. Typical plots for the boundary deposition curves
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Fig. 2. Typical plots for the top and bottom deposition curves applying to given
particle order

This assumption can be more or less acceptable for low-concentration
dispersions.

Model analysis and discussion. According to [26] without fractions
aggregation the problem solution can be look for in the form of a traveling front with
a certain speed w; :

_ds __(op/at)y
dt  (8p/0s), (®)

f

where s is the position of the suspension front.
With the help of self-similar variable 7 =s-w;t equation (5) can be rewritten

as:

321



B.T. Tazhibayeva,
Chemical Technologies L.M. Musabekova, A.M. Brener, P.317-327
V.G. Golubev, L.M. Ulyev, Z. Kobeyeva

dnt o ©
Then (6) can be rearranged as follows:

2
d'p 2kpd—p—kp*d—p

5=
dn dn dn (10)

From (6), (7), it follows:

jigﬂzp(p—p*XZp—p*)
7 11)

From the compatibility conditions of relations (4), (6) and (7) it follows [19]:

Here, the following relation is correct [26]:

Wi :\/2Deff7[%ps]

(13)

As a result, we obtain the equation for describing the suspension density in
moving coordinate system:

%:pL _p*
dn 2Dt p(p : ) (14)

Program algorithm.

1. Each subsequent movement of the particle is calculated based on its
previous position. For each step, we use the particle's current coordinates (u[i-1] and
v[i-1]) to calculate the next coordinates.

2. Direction selection: At each step, a random change is generated for
horizontal (du) and vertical (dv) movement. These values can be -1, 0, or +1, which
corresponds to moving left, staying still, or moving right horizontally, and similarly
up, staying still, or down vertically. The movement of a particle inside a rectangle
measuring 500 by 100 cells. The particle starts its path from the uppermost left corner
and moves as follows: vertical component + horizontal component. The graph shows
each step of the particle, and the Y-axis is inverted to visually correspond to the
movement starting from the top corner.

Main code fragment on language Python:

Def simulate_particle_movement(rows, cols, r, ug, v0, u0, num_steps=500):
X, ¥y =u0, vO # Start at initial positions
path = [(x, y)]
horizontal_steps =0
vertical_steps =0
for _in range(num_steps):
dv = random.choice([-1, O, 1]) # Vertical step
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du = random.choice([-1, O, 1]) # Horizontal step
v = max(0, min(rows+1, y + r + dv)) # Ensure v stays within bounds
u = max(0, min(cols+1, x + ug + du)) # Ensure u stays within bounds
ifdv1=0:
vertical_steps +=1
ifdu!=0:
horizontal_steps +=1
path.append((u, v))
X,y=U,V
print("Horizontal Steps:", horizontal_steps)
print("Vertical Steps:", vertical_steps)
return path
Research results and discussions. Below the results of an analysis applying
to the model of sedimentation into the vessels have been submitted. In the case of
the constant effective diffusion coefficient and parameter y , the solution of Eq (14):

P 1, + Po
=-—|1-th| =kp n+In| =

Replacing the self-similar variable 7, (15) can be transformed as follows [26]:

P 1y Ao
SRR s—W;t)+In| 22
’ 2[ [2 ZDeffp( & (pm

(15)

(16)
Thus, the main novel solution of the submitted diffusion model reads:
-2 PU B Y I S P Po
P= {1 th{2 2Deffp [S ,/27Deff{ 2 Ps}]“f‘[p* jﬂ -

The main results of numerical experiments according to the diffusional model
are depicted in Figure 3.
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A — main results [26] according to Eq.(17); dimensionless time variable
r=tDy /H? 11— r=5;2—7=10; 3— r=15;4— ¢r=20;5— 7=25; 6 — r=35; B—
main data for water suspension of wolframite particles with medium diameter of 2
mm [1].

Fig. 3. Typical time evolution plots of suspension density with height
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Vertical position

Vertical position

The initial state of the suspension is represented as a density p,/p* =0.65
uniformly distributed over the height [26]. The patterns observed in the numerical
experiment are in a good agreement with the known experimental data [1].

Below the main previous results of an analysis applying to the model of
sedimentation into the through-flowing apparatuses have been submitted (Fig. 4, 5).
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A — Conventional horizontal entraining velocity Ug=2; B — Conventional
horizontal entraining velocity Ug=6.

Fig. 4. Typical boundary deposition curves in through-flowing systems for
different entraning velocities
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A — Conventional particle order r=1 for conventional entraining velocity Uy=6;
B — Various conventional particles orders for horizontal entraining velocity Uy=8

Fig. 5. Typical boundary deposition curves in through-flowing systems for
different particles orders

Conclusion. The models submitted in this paper give the possibility for
calculating the sedimentation characteristics of polydisperse suspensions required
for engineering methods applying to two fundamental cases, namely: both for
sedimentation in vessels and for this process in through-flowing systems. The data
obtained as a result of the model analysis and numerical experiments are in good
agreement with the known experimental data. A fairly simple and effective program
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code has been developed for a novel sedimentation model in a flow system. The use
of the developed models will allow for calculating the sedimentation kinetics with
other various initial data. For reliable practical application, this model will require
further research in order to identify the control parameters for specific
physicochemical systems.
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IM. dyez08 ambiHOasbl OHMycmik Kasakcmad yHusepcumemi, LLibimkeHm K., KazakcmaH
20Hmycmik Kazakcmax meduyuHa akademuscel, LLbimkenm K., Kasakcman
3Tomck nonumexHukanbiK yHUsepcumemi, ToMck K., Peceli

bIABICTAPZAFbI }KOHE AFbIHAbIK KYPbINFBITAPAAFbI CYCMEH3UANAPADI
TYHAbIPYAbI MOAENBAEY

AHpaTtna. [MonugucnepcTi cycneH3usnapabl TYHAbIPYAbIH €Ki XaHa mogeni
YCbIHbIFaH. bBipiHWI moaenb biAbICTa MNOAMAUCNEPCTI CYCMEH3UAHbI TYHABIPY YLWiH
acanfaH. byn mopenbperi  TacinAiH - KaHanbifbl  NOAUMAMCNEPCTi  CYCNEH3UAHbI
bpakumaAnapabiH, AUCKPETTI XKUbIHTbIFbI PETiHAE emec, benweKkTepaiH, aucnepcTi GasaHbiH,
enwemaepi bolibiHWa y34iKCi3 Tapany GyHKUMACHI apKblibl aHblKTayFa 601aTbIH XKafaanaa
TYHAbIPY MoOAeniH annblnay 6onbin Tabblnagbl. MyHbl 6HacTtankbl TepMUHAEPMEH
TONbIKTbIPbIIFaH AUbDY3MANbIK TUNTEri TeHAey HerisiHae *Kacay ycbiHblnagbl. EKiHLWwi
MOZeNb afblHAbI XKyWhenepaeri NOAMANCNEPCTi CyCneH3UAHbIH, Wery NPoLeciH cunaTTayfa
apHanfaH. Lekapanblk TYHABIPY KWUCbIKTapblH KypyablH Tybereini kaHa agictemeci
HerisiH4e annapaTTaH WbIFaTblH afblHAAfFbl AucnepcTi ¢asaHblH, TapanyblH ecentey
TYKbIpbIMAAMaCh! Kacanabl. 93ipaeHreH mogenbaep WeriHai GPoHT NeH »KayblH-WallblH
6eTiHiH 3BONOUMACBIH blAbICTbIH, OUMiKTIri 60MbIHIWA Aa, afblHABIK annapaTrapabiH, 60MbIK,
KoopauMHaTbl OoMblHWA Ja ecenTeyre MYMKiHAIK 6epegi. TyHAbIpY GPOHTTAPbIHbIH,
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3BOJIIOUMACBIH ecenTey YLiH BPHEKTEP MEH KOMNbOTEP/iK baFgap/iama Kacangbl, b6yn
noAnAMCcNepcTi cycneH3nanapabiH, TYHAbIPY KUHETUKACbIH ecenTey YLiH MaHpbI3bl.

Tipek ce3pgep: TyHAbIPY MoAeni, NOAMAUCNEPCTi CycneH3uanap, rpaBUTaLUASbIK,
TYHAbIPY, WeKapaablK TYHAbIPY KUCbIKTapbl, aFbIHAbIK XKyhenepaeri TYyHAbIpY.

B.T. Takubaesa?, /.M. Mycabekosa?, A.M. BpeHep?,
B.l. Tony6es!, /1.M. Ynves3, 3.C. Kobeesa'
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2l0xsHo-KazaxcmaHckaa meduyuHckas akademus, 2.LLbimkeHm, Kasaxcman
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MOJENNPOBAHUE CEAUMEHTALMN CYCNEH3UI B COCYAAX U MPOTOYHbIX
YCTPOWCTBAX

AHHOTauma. MpeacTaBieHbl ABe HOBble MOAENN CeAUMEHTALUN NOAUAUCNEPCHbIX
cycneHsui. Mepsas moaenb 6blna paspaboTaHa ANA OCAXKAEHMA MOAUAMCNEPCHOM
cycneHsuu B cocyge. HoBusHa noaxona B aHHOM MOAENM 3aK/OYAETCA B TOM, YTO AAHO
obobueHne mogenu ceguMeHTaUMWM Ha CAy4val, Korga MoAMAMUCMEPCHYH CYyCneH3uto
MOKHO 334aTb HE KaK AUCKPETHbIN Habop paKLMiA, @ C MOMOLLbI HEMPEPbIBHOMN GYHKL MK
pacnpegeneHua vactuuy, no pasmepam aucnepcHol dasbl. MNpeanaraeTtca genatb 370 Ha
OCHOBe ypaBHeHUsa anddy3MoHHOro TMMNa, AOMNONHEHHOIO UCXOAHbIMU YieHamu. Btopas
MoZe b NOCBALEHa OMMCAaHMIO NpoLecca ceaMMeHTaUUn NOANMAMCNEPCHON CycneH3un B
NPOTOYHbIX cucTeMax. Pa3paboTaHa KOHLENUMs pacyeTa pacnpeneneHus AWCNepCHOM
¢$a3bl B NOTOKe Ha BbiIXxoge M3 annapata Ha OCHOBE NPWMHUMMNMANABHO HOBOM METOAMKMU
MOCTPOEHUA KPUBbIX TPAHUYHOTO OCaXKAEeHUA. Pa3paboTaHHble MoAenn MNo3BOAAOT
paccymTbIBaTb 3BO/IOLMIO NONOXKEHUA PPOHTA CEANMMEHTALLMM U NOBEPXHOCTU OCALKOB KaK
Mo BbICOTE COCYAa, TaK M NO NPOAO/bHON KOOPANHATE NPOTOYHbIX annapaTo.. Pa3paboTaHbl
BbIPQ’KEHNA W KOMMbIOTEPHAA nNporpamma [AnA  pacyeTa 3BOMOUUM  GPOHTOB
CEAMMEHTALMM, UYTO BaXHO A1A pacyeTa KUMHETUKM CceAMMeEHTauMu NoAnamMcnepcHbIX
CycrneH3un.

KnioueBble cnoBa: Mozenb CeAMMEHTALMM, NOAMAMUCMEPCHbIE  CYCMeH3uw,
rPaBMTALMOHHAA CeAMMEHTAUMSA, TPaHUYHbIE KPWBbIE OCAXKAEHWA, ceguMeHTauma B
NMPOTOYHbIX CUCTEMAX.
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