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COMPUTATION OF THE BEST STANDARD DEVIATION
BY LEJANDRE POLYNOMIALS IN A COMPUTER
MATHEMATICS SYSTEM

Abstract. The extensive practical applications of Lejandre polynomials, in
conjunction with the development of computer mathematics systems, have engendered a
series of prerequisites that are conducive to the expansion of the possibilities for the
application of mathematical methods. The contemporary challenge lies in identifying
effective calculation and application methodologies for these polynomials within the
framework of analytical calculations. The present paper proposes a code for calculating the
best standard deviation by Lejandre polynomials with graphical visualisation in Maple.
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Introduction. The theory of orthogonal polynomials has a vast field of
theoretical and practical applications. The distinctive characteristic of these
polynomials, which is evident in their notable properties, engenders the potential
for their utilization in a myriad of application problems. Orthogonal polynomials
are characterized by their ability to interpolate and approximate functions, a
property that is crucial in a wide range of applications.

A separate class of orthogonal polynomials is Lejandre polynomials. To
determine the P,(x) Lejandre polynomials of degree n the Rodrigue formula is used

[1]:
P.(x) 1 o (x2 —1)n

:2"n!'dx”

which leads to explicit expressions of these polynomials. Thus, at n = 0,4 the
Lejandre polynomials have the following representation:
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R=L RK=x RM)=2BC-1h R()= (6 -3)

P,(x)= %(35X4 ~30x% +3).

Lejandre Pn(x) polynomials have one of the properties that allows us to use
them in the best way when approximating functions. Due to the completeness of
Pn(x) on the interval [-1,1], it is possible to construct a system of polynomials
which will have the smallest deviation from the given function in the sense of RMS
approximation.

Materials and methods. The theoretical justification for the construction of
the system of Lejandre Pn(x) polynomials for a given function y =f(x) on the
segment [-1,1] is the following theorem [2]:

Every twice continuously differentiable function f(x) on the interval [-1,1]
has a Lejandre polynomial series expansion which is absolutely and uniformly
convergent:

F(x)=3 £, (0P, (), )

n=0

where fa(x) is the Fourier coefficients of the f(x) function:

f

()= 2n+1'l[ f(x)P, (x)dx (2)

2

wheren =0,1,...,....
Let PLy(x) be a polynomial of the form (1):

C, (xR, (x) (3)

PL,(x)=

k
n=0

Then formula (2) is used to calculate the coefficients Cn(x), where
n=20,1,..,k Pn(x) are Lejandre polynomials and Fourier coefficients:

C. ()= 2“2”] £(x)P, (x)x- (4)

As a measure of the closeness of the function f(x) to PLn(x) we take the
deviation of the RMS approximation o2 toy = f(x):

o :_j f Z(X)dx—gﬁCf(x)- (5)

Example. For a function y = e* on [-5,2], find the best RMS approximation
of &2 [3].
Solution. The segment [-5,2] on which we need to find &2 does not fulfil the

requirement of the theorem: [-1,1]. Therefore, we introduce a variable substitution
of the function y = €*. Let the variable substitution have a linear form:
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X=at+b (6)
According to (6), we form a system of equations:

at,+b=x
at, +h=x,

where x; = -5, t1= -1, Xo = 2, t, = 1 and we find the values of and: b: a_? b——§-
2

We have a variable substitution:

1y 3, @)
2 2

which converts x e[-5,2] to t e[~1,1]. The function y=e* at (7) takes the form:

Ft)=e2 2. @)

Let us compute C,(t) by (4), assuming n = 0,4 and using the representation

P.(t) by (A):

2:0+1¢ 2 1 2 1 1
C,(t)= 5 Jl 2 2.p (t)dt jez 2 1dt_—7e +7e :

2:1+1¢ 23 3t 0 27 5 15

t)=""""[ez 2.P(t)dt=>[e? 2-t-dt=""e" + g%
C,(t) 5 :[e (t)d 2;[e dt="c€ +49e
13 1 Z,é 2
(:2('[):ﬁj'ezt Z-Pz(t)dt:§je g dt:%e +§e ;
2 29 2 343 343

153 L 12 gg
Cs(t)_2.3+lj'ezt Z'Ps(t)dt—SIe -5 St 3t-dt—1471e’5+ 55 2

= = = —e
2 9 27 2 343 343
2.4+417 4 9 23 35t - 3Ot2+3 32967 . 207
C4(t)=TJ'e (t)dt== J' e2 dt=-— 2201 " 2401ez-
-1 -1

Let’s calculate PL,(t) forn = 0,4 at t e [-1,1] for (7) using the formula (1):

PL,(t)= nZi(;Cn(t)Pn(t): Colt)-Py(t)+C.(t)- P.(t) = —%e‘s +%e2 +(27e‘5 +15e2j-t ;
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2 417 3
PL,(t)=>C,(t)P, e+
(0= 2CL0R0)= g e oo
3 417 3
PLy(t)=> C,(t)P,(t)=—=e +——¢
L(t) Z R ()=55° " * 5a5
(7355 2
"
686 686
4 87225 5 705
PL,(t)=>'C (t)P.(t)=———e % + ———
20 Z; (R 1) =~ 19208° 10208
+(7355 L 275
686 686

Using variable substitution {_

e[-5,2] for y=e*:

ez+(27 o5t 15 2]'”( 1545 054 285 Zj-tzi
49 49 686 686
(4035 45 L) (1545 o 285 ;) .,
686 . 686 686~ 686
75 zj,ts
86 .
ez{f 4035e,5+£ezj.t+(472875e,5+ 885 ezj_ﬁ
686 686 9604 9604
2j~t3+[ 164835 2744ej
2744
;X%, we calculate pL (x) for n = 0,4 at

1 1.,.
PLy(x)= —?e’5 +?e2 ;
PLl(X)ZEe"s_i_lez_i_ E -5 Eez . EX § :g -5 5292+ o4 -5 ﬂez 'X;
7 7 49 49 7 7) 343 49 343 343
PLZ(X) 7233 e s 3561 o2 +[_ 6624 3180 ezj.x+(_ 3090 5 570 ezj-xz;
16807 16807 16807 16807 16807 16807
PLS(X)= 174432e,5 16512 o2 +(_ 64020 5 21600 ezj‘x+(110760e’5 8940 eZJ~X2 ..
117649 117649 117649 117649 117649 117649 !
( 29420 5 1100 2) 3
+ + e? |-x
117649 117649
658095 _ 10378 » (5485920 5 113940 , 213690 5 68790 ,) ,
(x)= + e | x+| - e+ e? |- x2+
823543 823543 823543 823543 823543 823543
[7 17720806,5 20120 ezj_ > +(7 329670 22070 2] X
823543 823543 823543 823543

We use formula (5) to calculate the RMS approximation PL, (x):

1

o = [ £2(t)dt—2C (1) ~ 5575295713

-1

j f2(

t)dt —2C ()—%Cl

dtz

72n+1
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1 3
2
2= [ f2(t)dt—) —=—C?(t)~0,0734340882;
ot - [1H0a-3 22k

1 4
2
2= | f2(t)dt— E ——_CZ2(t)~0,00754351905.
04 :[1 () n:02n+1 n()

Comparing the values &2 with nzﬂ, we conclude that the smallest

deviation is o .

To reduce the labour intensity of computational processes, we will solve the
example in the computer mathematics system Maple.

For calculations with orthogonal polynomials in Maple a special package
orthopoly. is designed [4].

restart; with(orthopoly);
[G,H, L, P, T, U]

The package includes 6 functions. Each letter of the functions is the first
letter present in the name of the orthogonal polynomial. For P, (x) the letter P is

used. The command syntax for calling P,(x)is written as: P(n,x), where n is the
degree , and x is the variable of the polynomial [4]. For example:

PO := P(0,x); Plx := P(1,x); P2t := P(2,t); P0:=1
Pix :=x

| 3 5
P2ti=-—+—
t 2+2t

Let’s solve the example in Maple. Define a function and the segment on
which it is considered: f:= exp(x);x/ =-5;x2 := 2;

Then, we introduce the boundary points of the segment [-1,1]:

tl=-112:=1;
tl=-1
t2:=1

We make a system of equations to find the expression of the new variable
and solve it:

sysl = {a-tl +b=xl,a-12+b=x2};
rsysl == solve(sysl, {a, b});
X == rhs(rsys1[1]) -t + rhs(rsysi[2]);

sysl ={-a+b=-5a+b=2}
7,3
20773

rsysl ={a=

545



Information technologies Yu.R. Krahmaleva P.541-552

_1,_3
X.fzt 5

Since the solution requires that we go back to the variable X, we prescribe

actions for this:

eql == rhs(rsysI[1]) -t + rhs(rsys1[2]) =X I;reql = solve(eql, t);

Let’s compose a function with a new variable:

F = subs(x=X,f);
7 3

= p—=

Fi=e’ 2

To calculate the coefficients C,(t) let’s make a cycle with a construction,

taking asa n=4 [5]:

546

(2:i+1)

forifromOto 4do C[i] := sint(F-P(i,t),t=-1..1); 0d;

CU::—%e'S+%e2

C, ::%e_s—&-%ez
C2:=—%e_5+%e2
E 134473l 7 35453 ¢

_ 32967 -5, 207 o
47 2401 2401

If necessary, by increasing n the following coefficients are found C, (t).
Let’s calculate PLn(t) — approximate Lejandre polynomials [4]:

PlOt := sum(C[k]-P(k,t),k=0.0);
Plit = sum(C[k]-P(k,t),k=0..1);
P2t := sum(C[k]-P(k,t),k=0.2);
Pi3t := sum(C[k]-P(k, t),k=0.3);
Pl4t := sum(C[k]-P(k,t),k=0.4);
s 12
Plot - e + 7 e
Les Lo (27 s 15 2
Pllt 76 +7e+(4ge +4()e)t
_Los, Lo (27 s 15 o), (515 s 95 5)(_ 1, 3,
P2t = 7e +_l,e+[49 +49e]+( 3436 343e](2+2!)
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PI3!::—%0'5+ie2+ (ﬂc's +£02)!+ [—ﬂe'5+£c2J (—% +%t2]

7 49 49 343 343
1471 -5 55 o\(5 3 3
[343° +343CJ[2’ 2’]
I -5 1 2 27 _s 15 » 515 -5 95 > 1 3 2
Pldt = - — - =L =2 S22 = — 2
14t 7{: +7c+(490 +49c]t+( 3430 +343c)( 2+2rJ
1471 .5 55 2\(5 3 3 32967 -5 207 2\ (3 | 35 4
+[343e +3436J[2t 2t]+[ 2401 © +2401EN8+3’
_ﬁtzJ
4

We proceed to the calculation of PLn(x) — approximate Lejandre
polynomials with the variable x, but first write through the variable X 1 [6]:

PI0_x = subs(t=reql, PIOt),
Pll_x = subs(t=reql, PlIt);
P12 x = subs(t=reql, PI2t),
PI3_x = subs(t=reql, PI3t),
Pi4_x = subs(t=reql, PI3t);

N SCE I G
PI0 x: 5 © +7e
I -5 1 2 27 s 15 2)( 2 3
Pll x:=-— - T T - X1+
11 x 7 e +7e+(49e +49eJ(7 7—1—7)
L ds Lo (21 s 15 0V (2 0, 3, (515 s
PI2 x: e +7c+[490 +490J(7X_1+7)+( 3430

P13r=f%e’5+%e2+[i—;e’5 - 2](%X71+%)+(—%e’5
+22) (LR 2) ) (L
DI A

P."4_x:———c5+%cz+[i—; B ig 2](%X_1+%]+[-%c"’

95 1 3 (2 3132 1471 s
[ —— __X] _ —_—
+3436M2+2(7*+7]J+[34e

3
3
+iez) (% (31{71 +i] ~3x ,%J

Now, let’s go to the original variable x [4]:

PlOx = subs(X _I =x, PI0_x);
Plix = subs(X_I=x, Pll x);
P2x := subs(X_1=x, PI2 x);
PI3x := subs(X_1=x, PI3 x);
Pl4x = subs(X I =x, Pl4_x);

o L5 12
PlOx : 76 +73

R CS R T
Pllx: 7(: +7c+[490 +49<: 7.1:+7

547



Information technologies Yu.R. Krahmaleva P.541-552

evalf;

| - 1 » 27 .5 15 » 2 3 515 -5 95 o
Pi2x:=-—¢° +— =L —= S+ = ==
12x 7L + c+[4gc + c){ x+ ]+[ 343c +343CJ{
3 (2 3)?
+ [7.\14—7)}
Ple:z—%e'5+leE+(ﬂe's-i—iezJ[Ax+iJ+[—£e'5+£eZJ[

7 49 49 7

=
1 3(2 3V 1471 _s 552[33 3y 3
2+2[7"+7]]+[343° +343“) 2(7“”7} 7%

o v s 1 2, (27 5, 15 2\ (2 3 315 s, 9 2
Pl4x : _J,e + e+[4ge +496J(71+ )+[ e~ + eJ[

7
o559 (G4
343 343 2\7° 7 7"

o)
+
—|w

Let’s calculate the deviation from the original function [5]:

Clm]
2m+1)

criv ()':fic_]0+ic4f2 fic_5+ic2 ’
- 7 7 7 7

crkv_0 = int(Fz,t:—l ..1) —sum(2~ ,m—O..O];

For the numerical result of the analytical expression, we use the command

cmP ]]
1),m—O..O ;

crkv0 = evalf[znt(Fz,t=—1 ..1) —sum(2' 2om +

crkvl :==5.575295713

We proceed as follows and calculate the numerical result of the RMS

approximation value:

548

crkv 1= int( F?,t=-1.1) —sum[2~%,m—0..lj;
crkvl = evalf[int(Fz,t——l 1) —sum(l(;;i—nﬂzl),m—O..l]];
crkv 2= int( F?,t=-1.1) —sum[?%,m—o.lj;
crkv2 = evalf[int(Fz,t——l 1) —sum(Z'(;;a—’Z]_zl),m—O..ij;
crkv 3= int( F?,t=-1.1) —sum[l%,m—ﬂ.ﬁj;
crkv3 = evalf[int(Fz,t——l 1) —sum(Z'(;‘m—W:]_zl),m—O.S]];
crkv 4= inf( F?,t=-1.1) —sum[2-%,m 0..4];
crkvd = evalf[im(ﬁ,z——l 1) —sum(2'(2€El—nﬂzl),m—0..4]];
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k1= L o104 L 4_2[_Le5+iezf 2(z
- 7 7 7 7 3\ 49

crkvl :=2.153125955

2
crkv_Z::f%c710+Lc4f2(ch’5+%cz) 7%(2_7(:

7 7 49

9

515 -5 95 1)

343 ¢ T ]
gy 3= o gt0 L4 (L s L oY 2 (27
crkv_3: T + - 2 - + - 3 | 29

_515 5 95 eszig( 1471 s | 55 2J2
343 343 7\ 343 343

crkv3 ==0.0734340882

| EST)) 1 4 1 -5 1 2 2 (27
kv 4:=-— —e¢ =2 -= — - ==
crkv 4 76 +7€ (76 +7EJ 3(496
N 2 2
_ 515 S a 95 ez] _l[ 1471 -5 4 55 2] 2 (_
343 343 7\ 343 343 9
207 5\’
* 201 e)

crkv4 = 0.00754351905

As is evident, at the outset of the computational process, the initial data — the
function and the segment — were entered, and then the segment by theorem was
entered. It is important to note that all subsequent calculations are performed
automatically. The ensuing calculations will be accompanied by graphical

visualization.

It is acknowledged that functions can be approximated by polynomials with
uniform approximation, as stipulated by the Weierstrass approximation theorem.
To illustrate this, consider a polynomial that is the partial sum of the Maclorean
series, on the condition that the function on a specific segment is decomposed into
a uniformly convergent series. The Taylor series can also be used. For the purpose
of comparison with our solution, let us consider the approximate solution by Taylor

series of the original function y=¢*:

T 2 = taylor(exp(x),x=0,2);
T 2:=1+x+0(?)

Let’s discard the remainder of the series and write the series as a polynomial:

T2 := convert(T 2, polynom); T2:=1+x

We similarly prescribe the steps for the Taylor series of the same function

y =e” by increasing the number of terms of the series:

0,3); T3 := convert(T_3, polynom)
0,4); T4 == convert(T 4, polynom)

taylor(exp(x),

T X
T taylor(exp(x), x

3:
4

T3=14+x+ %xz +0(x)

5

>

549



Information technologies Yu.R. Krahmaleva P.541-552

T3=1+x+— 2

2
T4=1+x+ %xz + %.9 + O(x4)
T4:=1 +x+%x2 + %.ﬁ

For visual representation we plot the graphs of the function y=e",
approximated solutions by Lejandre polynomials and Taylor series (Fiqures 1-3)

[5]:

plot([exp(x), PI2x, T2],x= -5 ..2, color = [red, green, blue], linestyle = [ solid, dashdot, dash],
thickness = 3, legend = ["_exp(x) ", " Mmuorowienst Jlexanmpa n=2" ,
"Psin_Teitnopa_n=2_"]);

-~
24 -
___..—-—/
-5 -4 3 - z/ -~ 0 i 2
-
-~ o2
— 2
-~
-~
-~ 1
—_emp(x)_

"_Muorounens_Jlexaaopa_n=2" _
== = Pan_Tefinopa n=2_

Fig. 1. Graph of building an approximation of the function y=e*. Lejandre
polynomials PL,(x), Taylor series at n=2.
plot([exp(x), PI3x, T3], x= -5 ..2, color = [red, green, blue], linestyle = [ solid, dashdot, dash],

thickness = 3, legend = ["_exp(x)_"," Muorouiensl_Jlexanapa n=3" ,
"Psin_Teitnopa_n=3 "]);

\ :
\
\
\ 6
N !
\ 1 /
\ S 4
\ 2
N
__:_'“;/ 1
—_— _Exp(;)_

"_Muorounens_Jlexaaopa_n=3
== = Pap_Teitnopa n=3_

Fig. 2. Graph of building an approximation of the function y =e*. Lejandre
polynomials PL,(x), Taylor series at n=3.
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plot([exp(x), Pl4x, T4], x=-5..2, color = [red, green, blue], linestyle = [ solid, dashdot, dash],
thickness = 3, legend = ["_exp(x)_"," Mmuorounensl_Jlexkanapa n=4" ,
"Psin_Teitnopa_n=4_"]);
6 - /

L/

— _exp(x)_
"_Muorounessl_Jlexannpa n=4" _
= = Pan_Tefinopa n=4_

Fig. 3. Graph of building an approximation of the function y =e*. Lejandre
polynomials PL,(x), Taylor series at n=4.

Comparing the graphs of approximation of the function y=e* by

approximate Lejandre polynomials and Taylor series, it is clearly seen that already
at n=3 the greatest accuracy of the function graph is achieved by polynomials

PLn(x). While the approximation of the function by the Taylor series is only close

to the function in the neighbourhood of 0.

Research results and discussion. The resolution of a multitude of practical
exemplifications has demonstrated that in linear normed spaces, the optimal
approximation is attained by approximate Lejandre polynomials PLn(x). However,

it should be noted that the solution of these examples is accompanied by
complicated calculations. The labour intensity of the computational process is
primarily related to the increase of the degree P,(x), which directly affects the

reduction of the magnitude of the approximate solution.

A study conducted in the Maple computer mathematics system, employing
visual representation of function approximation, has demonstrated that the
approximate solution by Lejandre polynomials deviates from the exact solution to
the smallest extent already at n = 3. Furthermore, the approximation of the function
by Lejandre polynomials is more proximate to the exact graph of the function than
the approximation of the function by Taylor series.

Discussion of scientific results. The practical implementation of the system
of computer mathematics has enabled the development of a code for finding the
best standard deviation by Lejandre polynomials, with graphical visualization in
the Maple program. The developed code has been shown to reduce the time cost of
the calculation process and its labour intensity.

Conclusion. The development of modern computer mathematics and the
practical applications of problem-solving are creating the conditions for expanding
the possibilities of application of mathematical methods. The efficacy of combined
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methods implemented in the system of analytical calculations, as demonstrated by
studies, is a testament to the value of such approaches.
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10.P. Kpaxmanesa
M.X. Aynamu ameiHOarsl Tapas yHusepcumemi, Tapas K., Kazakcma

KOMMbIOTEP/IIK MATEMATUKA }YWECIHAET NEXXAHAP KOMMYLLENITIHIH, EH,
MAKCbl OPTALLA KBAAPATTbI AYbITKYbIH ECENTEY

AHpaTtna. JlexxaHap KenmyleniriHiH ayKbimabl Taxipubenik KocbiMmilanapbl mMmeH
KOMMbIOTEP/IK MaTeEMaTUKa KyMenepiH AambITy mMaTeMaTUKanblk aaicTepai nalfanaHy
MYMKIHAJIKTEPIH KEHEeNTY YIWiH anfawkbl Kagam 6onbin Tabbliagpl. Tangamanblk ecentey
JKyMeciHae ocbl KenmyllenikTepai ecenTeyiH »KoHe o/sapabl KONZAHyAblH, TUiMmai
daicTepiH Taby Kasipri 3amaHayu macenenepgin, 6ipi 6onbin Tabbinagpl. Makanaga Maple
KyheciHae rpadvKanblk BM3yanusaumacbl H6ap JlexaHAp KenmyLeniniriHii eH KaKcbl
opTalla KBaApaTTblK aybITKyAbl ecenTey Koabl 93ipaeHreH.

TipeKk ce3gep: OYHKUMAHBI JKiKTey, OPTOroHa/bAbl KEMMYLUENIKTep, XKybIKTay,
katap, Pogpura popmynacsl.

10.P. Kpaxmanesa
Tapasckuli yHusepcumem um. M.X. flynamu, 2. Tapa3s, KazaxcmaH

BbIYUCNEHNE HAMNYYLLIErTO CPEAHEKBAAPATUYHOIO OTK/IOHEHUA
NONMHOMAMM NEXAHAOPA B CUCTEME KOMMbIOTEPHOM MATEMATUKM

AHHoTauuma. O6WMpPHbIE MPaKTUYECKMe NPUNONKEHMA MNOAMHOMOB JlexaHapa M
pasBUTME CUCTEM KOMMbIOTEPHON MaTeMaTUKM CO34at0T NPeanocCbiIKM ANA PacluMpeHun
BO3MOMHOCTE NPUMEHEHUA MaTemaTMyeckmx meToaoB. CoBpemMeHHbIM BOMPOCOM
ABNAETCA HaxoXKaeHue 3OGEeKTUBHbIX METOAOB BbIYUCAEHUA W MPUIOXKEHUA AAHHbIX
NOJMHOMOB B CUCTEME aHa/IMTUYECKWMX BblYUCIEHWUI. B cTaTbe paspabaTbiBaeTcs Kop,
BbIYMC/IEHUA HaUyYLero cpeaHeKBaapaTUYHOIO OTKIOHEHUA MOAMHOMaMM JlexaHapa
rpaduyeckon Busyanmsaumen B cucteme Maple.

KnioueBble cnoBa: pasnoxkeHne  QyHKUMI, OPTOroHajsbHble  MOAMHOMbI,
annpokcumauma, pag, bopmyna Pogpura.
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