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Abstract. The relevance of technical issues of solving problems of mathematical
physics is growing every year. The development of computer technologies leads to the use
of modern methods for their solution. The application of analytical computing systems is
considered as an effective method, which contributes to their productive implementation.
The article deals with finding a general solution of the Bessel equation and equations
leading to it in the Maple program, graphs of functions are plotted.
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Introduction. When solving various problems of mathematical physics we
deal with so-called special functions The term “special functions” means all
mathematical non-elementary functions. Along with special functions the
equivalent term “higher transcendental functions” is used. The class of these
functions has a characteristic difference from many other functions, which
manifests itself when solving equations of the form [1]:

dl oy _
dx[p(x) dx} q(x)y—O_

The equations have special points. The coefficient P(x) takes zero value:

p(x) = 0at possibly one or more points in the interval of change of the variable .
In these equations special functions act as its solution. Having a certain specificity,
the scope of application of special functions in a variety of applied problems
expands. One of the representatives of special functions are cylindrical functions or
Bessel functions[1,2].

Materials and methods. Let us consider the Bessel equation:
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xzy”+xy'+(x2—v2)y=0, (1)

which is a homogeneous linear differential equation with variable
coefficients. The order (1) is determined by the constant V. Equation (1) owes its
name to the German mathematician Friedrich Wilhelm Bessel. The scientist
conducted research in 1824. The result led to the discovery of a special class of
functions, which were called Bessel functions or cylindrical functions. These
functions and represent the solution of the equation. [3]

To find the general solution, a technique is used. The equation is multiplied

1

by the multiplier x” :

x? —v?

XZ

y”+1y'+ y=0
X .

(2)

Simultaneously with the equation (2), we consider an equation of the form:
y"+p(x)y'+a(x)y=0, (3)

assuming the existence of a special point of the equation. For definiteness,

suppose X=0 Let the coefficients of equations IO(X)and q(x)be expressed as
functional series:

b x™

p()= 32" =3
m=0 m=0

The series composed only of numerators in the last functional series

x| <R

converge and have a radius of convergence of ‘ . The following condition is

imposed on the coefficients nand Pn: & #0, # b, ¢O. Then equation (1) has at
least one solution, which has a representation in the form of a series:

= 4

In (4) C io. The series (4) is convergent with a radius of convergence

X< R To calculate the coefficients of ¢, the expression Y(X) s (4) is substituted

into the original equation (1). Using the method of indeterminate coefficients,
determine each Ck [3-5].

To calculate the coefficient Ck , a so-called defining equation of the form

p(p—1)+a0p+b0=0. (5)

The coefficients % and by are calculated using the formulas::
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a, =i
im xp(x) ©)

x—0

b = Ixm qu(X) )

Then for the equation (2) we have:

1
3, =limx-==1
x—0 X
x2 _y?
b, = limx* =——=-v*
Xx—0 X

Substituting the values of % and b, into equation (3):
p(p—1)+p-v’ =0
whence it follows:

P2 = 1V

Find the partial solution V(%) at Py =V using the decomposition (4):

substitute the expression yi(x) B (3) and get the expression [1]:

» )m [Xj2m+v
mzmll" (m+v+1) 2 (®)

which represents a Bessel function of genus 1 with positive V.
The solution Y2(X)at P2 ==Vhas the form :

Substituting ¥2(x) into (3) , we obtain the second partial solution in the form

el

[1]:

, 9)
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where Jfv(x)is a Bessel function of the 1-st genus with negative vV .The

general solution of equation 1 (X)at non-integer value of Vis written as:

y(x)=C,J,(x)+C,J_,(x). (10)

where C1:Care arbitrary constants 3,0 and va(x)are linearly independent
functions.

At v-total: v=nthe linear independence of functions Jn(X)and an(x)is
violated, since the functions have a relationship, which is expressed by the formula

3., (x)=(=1)"3,(x) (11)

To solve the question, we introduce a Bessel function of genus 2 [1]:

(x)= J,(x)cos v —J_,(x)
B sin v , (12)

Y,

\

and the general solution of the equation for any Ywill be described by the
formula:

y(x)=C,3,(x)+C,Y, (x) (13)

where C.:C:is an arbitrary constant, Jv(x)and Yv(x)are linearly independent

functions. Linear combinations of Jv(x)and Yv(X)have the simplest asymptotic
expansions at large X and are often encountered in applications [5].

Research results and discussion. Let's consider solving the equation in the
Maple program. Enter the equation and the command to solve it [6-9]:

eql == X>-diff ((x),x82) + x-diff (¥(x),x) + (** —v*) 3(x) = 0;
reql := dsolve(eql, y(x));

2
eql = [%}[1)] +x (%y(x)] + (fv2 +x2)y(x) =0

reql =y(x) = CIBessell(v,x) + C2BesselY(v, x)

| w

Vv
The general solution corresponds to the formula (13). Let us substitute 4
B egl:

eqlvl := subs(v=vl,eql); reqll = dsolve(eqlvl, y(x));
2

eqlvl =7 {%y(r)} + x [%/(r}J + (xz — %J'lj(x) =0
reqll:=y(x) = CI Bessell [ %xj +_C2 BcsscIY[ %, x)

The general solution corresponds to the formula (13). Let's substitute the
integer value V=2:
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v2 = 2; eqlv2 = subs(v=v2,eql); reqlv2 = dsolve(eqlv2, y(x));

v2:=2
o[ & d 2
eqlv2 =x —2y(x) +x| —y(x) | + (x — 4)y(x) =0
dx dx

reqlv2 :=y(x) = CI Bessell(2,x) + C2BesselY(2, x)

As can be seen, at different values, program Vwrites a general solution
corresponding to formula (13). Let us consider the examples.
Example 1. Find the general solution of the equation:

y”+£y'+(1—i2jy=0
X 9X . (14)

Solution. Let's reduce the initial equation to the form (2):

9x* -1
ox?

@

9x?

y/r+Eyr+ y:O
X

yr ey y=0

1
V==
From the last equation we determine V: 3. The general solution is
written in the form (13):

y(x)=C.J 1 (x)+ C,Y, (x)

3 3

Let's find the general soldtion of the equation (14) in the Maple program. [6-
9] We have:

eq2 = i (42, 182) + (300 + (1= 5 () <o
X
req2 = dsolve(eq2,y(x));
d
N W i )
eq2 = ?},(}c) + e + [1 — 52 Jy(x) =0

req2 :=y(x) = CI Bessell ( %,x] + C2 BcssclY[ % x)

As can be seen, when the equation (14) was introduced into the program, no
transformations were required to reduce it to form (2).
Example 2. Find the general solution of the equation:
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xzy”+xy’+4-(x4—2)y=0_ (15)

Solution. To fully match the form of equation (1), we insert a new variable

2 '
Z: Z=X" Let's write the equation through Z, for this purpose let's calculate ¥
and Y elements of the equation. We have:

x=ﬁ,y dx dx dz dz

" dy d dy dy dzy
(o7 ) oz 4 ﬁ_j:z_ 4297
y ( dz} dz( dz az .

,_dy dz dy 2dy 2\/—dy

" ! " _ 2 _ o . . .
After substitution Y , y . X=~Z and X" =Z jnto the original equation,
it will take the form:

z[ 31’ i ¥J+2\E-\E(;Z+4-(zz—2)y:0
d’y _dy (.
2?—=+z2—=>+(z"-2)y=0
dz? dz ( )y _

The last equation is the Bessel equation with the function Y = y(z), in which
=~2_ The general solution of the equation has the form:

¥(2)=CJ ;(2)+C,Y ;5 (2) (16)

Let's pass to the X- variable of the initial equation and write down its
general solution:

y(x)=CJ 5 (x2 )+ A (x? )

(17)

Now let's solve the equation (15) in Maple:

eq3 i= X +diff (y(x), x82) + x -diff (y(x),x) + 4 (=7 —2) -p(x) = 0;
req3 = dsolve(eq3,y(x));

eqS:—xz{— ] (% ] x f2)y(x):0
req3 =y(x)=_Cl B(.,bb(.”(ﬁ, 1:2) + C2 BcssLlY( J2 ,xz)

As can be seen, the solution coincides completely with the general solution
(17), according to the technique of finding the solution of the Bessel equation.

Let us consider the equations reduced to the Bessel equation (1). An
equation of the form:

x2y"+xy’+(k2x2 _Vz)y:01 18)
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with a constant K:k =0 by substitution 7= KX is reduced to an equation
of the form:

2
20 ¥+rd—y+(rz ~v2)y=0
dr dr _ (19)

The equation (19) is a Bessel equation. As in the case of solving the equation
(15), we need to perform a computational process with a double jump to the new
variable, then return to the old variable . Minimizing the solution time is possible
when solving the equation in Maple. For example, we need to find a general
solution to the equation:

x2y”+xy’+(9x2 —2)y=0 . (20)
Equation (20) in structure corresponds to the equation (18). Then we have:

eqd4 == x2~diﬁ”(y(x),x$2) + x -diff (y(x), x) + (9-x2 — 2) y(x) =0;
req4 = dsolve(eq4, y(x))

2

eqd = [%)(x) +x [iy(x)J + (9.’62 —Z)y(x] =0

dx
reqd :=y(x) = _CI BcssclJ(ﬁ, 3x) + 2 BcssclY(ﬁ, 3x) ]

To the Bessel equation (1) is given an equation having the form:

xzy”+axy’+(b+cxm)y=0 21)

with constants @, b € M. ¢c>0 m=#0_ ysing substitutions for the

7 \5
variable (J and the function
the following form:

1j Z
-u
[7 the equation will be composed in

2
zzd—g+z—u+(zz—v2)u:0
dz dz , (22)
2
pat g 2l
where 2 2 m m

Let's find the solution of the equation:
y"+ 3 y'+4y=0
X (23)
refers to an equation of the form (21). Solving in Maple allows you to obtain
a general solution without prior substitutions:
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eq5 = diff(1(x),382) + = -diff (y(x), x) +4:3(x) = 0; reg3 := dsolve(eq5, y(x));

d
P 3ot
eqs = —2y(x] + ——— +4y(x) =0
dx *
reqs = y(x) = C1 Bessell(1,2x) n C2 BesselY(1,2x)

In the Malpe program, the commands used to call Bessel functions are:
BesselJ(v,x)- Bessel function of the 1-st kind;

Bessell(v, x);

Bessell (v, x)

BesselY(v,x)- Bessel function of the 2-nd kind;

BesselY(v, x);

BesselY(v, x)

The function Jv(x)in the form of a series according to the formula (8) at
M= Pis inserted in the program as follows [8]:

JI = (v,x) = sum((((-1)"p)/ (factorial(p) * GAMMA(p + v+ 1)) * ((x/2)"(2*
+v))), p =0 .infinity),

1 2p+v
s irls
p=0

p!T(p+v+1)

) —

Use the plot command to plot the graphs of the function ‘]V(X)for various
non-integer values V :

i

\ f 6 y
GR = _nfm'u[!e.asel.l[i..w| Bessel.lLi \'] Bessell| % r] Beqqellt fJ‘ ve-8 10,

kY

3
color = [ red, green, blue, magenta |, thickness=[1, 2,3, 4], legend= | El-cs:.tl.ll\'? i

"Bessel) ( i_ .1'] "
L5

. fa 0, r 7 o g .

Resseljl ? x| ] L - \'] ], linestvle= | solid, longdash, dashdot, dot |,
) 5

caption =" Graphs of the first four Bessel functions of genus I with v=(0,

captionfont = | TIMES, ROMAN, ]4]] :
GR: !
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Fig. 1. Graphs of the first four Bessel functions of genus 1 with v >0

Let's draw the graphs of the functions 3,(x) for a whole V: V=04 have the
form :

GR = plot([BesselJ(1,x), BesselJ(2, x), BesselJ(3, x), BesselJ(4,x) ], x=-8..10,
color = [red, green, blue, magenta], thickness = [ 1,2, 3, 4], legend=["BesselJ (1, x)’,

Bessell(2, x)°,
"BesselJ (3, x)’, Bessell(4, x)’], linestyle= [ solid, longdash, dashdot, dot],

caption = "T'paduku nmepBsIx yeThipeX GyHKImiA beccens I-ro poma ¢ v>0",
captionfont = [ TIMES, ROMAN, 14]) :
GR,;

Bessell(1, x) BesselT(2, x) == =+ BesselJ(3, x)
= = ' Bessell(4, x)

Fig. 2. Graphs of the first four Bessel functions of genus | withv >0

The Bessel function of 1-st kind J+(*)at X =0 . V20is a real function with

argument X. The function is bounded. The graph of the function represents
oscillations. At large and small X, the behavior of the function is characterized by

the expressions:
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3,(x)

0 2'T(v+1)

Function JV(X)has an infinite number of zeros. At V>0 the point X=0
belongs to the set of zeros of the function.

In the Maple program we write Jv(x)at M= Pusing the formula (9):
J2 = (v,x) = sum((((-1)"p)/ (factorial(p) * GAMMA (p-v + 1)) * ((x/2)*(2*p-V))),p

[ 1 sz—v
2

]P
p!T(p—v+1)

% (_l
J2:=(v,x)—>z r
p=0

Graphs of functions Jv(x)with various negative non integer values V set with
the plot command [8]:

rl : 4 w A 7 Y
GRI == ,m'r:r[ [Bessel.l L - % r]. Bessel.lf ik .Eessel.l[ —%.x | [iesselJ[ i .| X
Y - ) e g N o s

L A

-8.10,

‘BGHHCU[ - %r}

A - s

color = [ red, green, blue, magenta], thickness=[1,2, 3, 4], legend=

'Hesse]Jr - %xj "
Il

‘BesseIJL

T~

. f 7 . .. .
?..r}. Bessell| - o l.'] I. linestvle= | solid, longdash, dashidar, dot |,
/ LR

caplion =" Ggraphs of the first four Bessel functions of genus I with v<0",

%
captionfont = [ TIMES, ROMAN, 14] | :

GRI:
2
1—\
0 o e
\g_a-f_.-'—‘f' 6 5 10
1{ +%° x
!.
_14 .
'I
_S_I:
__L—I'
s

Fig. 3. Graphs of the first four Bessel functions of genus | withv <0
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Graphs of functions 3.0for a negative integer V [8]:

GRR = plor| [Bessell{ -1, x), Bessell( -2, x), Bessell{ -3, x}, Bessell( -4, x) ], x =-8 .10,
color = [ red, green, blue, magenta], thickness = [ 1,2, 3, 4], legend = [ Bessell{ -1, x)*, Bessell|
- 21 -‘-:I ,-
‘Bessell( -3, x) " Bessell( -4, x)°], linesivle= [ solid, longdash, dashdat, dat],
caption=". Graphs of the first four Bessel functions of genus I with v<0",
captionfoni = [ TIMES, ROMAN, 14]) :
GRR:

—— -BesselJ(1, x) BesselJ(2, x)
= = -Bessell (3, x)

Fig. 4. Graphs of the first four Bessel functions of genus | withv <0

As shown, the graphs of Bessel functions of the 1-st kind at different values
represent damped oscillations. The graph consists of a slowly decreasing part and
an oscillating part. Due to this feature, Bessel functions have applications in wave
propagation problems.

According to the asymptotic behavior, Bessel functions of the 1-st kind

1

oscillate with the growth of the argument with amplitude Vx .

The expression for Yv(X)of the Bessel function of genus 2 is given by
‘]V(X) and o (X) and has no explicit representation. But it is possible to graph the
function in Maple[8]:

GR2 v= plot([Bessell( 1, x), Bessell(2, x), Bessell[3, x), Bessell(4, x] ],
a0 10, cofor = [ red, green, blue, magenta], thickness = [1,1, 3, 4], legend = [ "Bessell( 1, x),
‘Bessell( 2, x) " Bessell({ 3, x) " Bessell {4, x) "], linesivie= | solid].

caption = "Grapis of the first four Bessel functions of genus I
captionfont = | TIMES, ROMAN, 14]) :
GR2;
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Bessell(1, x) Bessell(2, x) == Bessell(3, x)
= Bessell(4, x)

Fig. 5. Graphs of the first four Bessel functions of genus Il

The Bessel function of the 2nd kind Yy (X) is a real function at values X>0 |
V>0 The function is bounded at ®and with oscillations. Asymptotic formulas

characterize ' (X)the behavior of the function at large and small values of X:

Y, (x) ~ \Fsin(x—\/”—”j
x>0\ 77X 2 4).

_2'T(v)
x—0 T X

<

N
N

Y,(x) ~ —=Ln=

x>0 g

x

For Bessel functions of the 2nd kind, an exponential growth is observed with
increasing values of the variable X . The asymptotic behavior of functions at large
values of the argument leads to asymptotic formulas that allow us to use
convenient representations of functions in the considered domain.

Analytical solution of the Bessel differential equation, as well as equations
reduced to it, involves computational operations of introducing new variables to
bring to the standard form of equations. Modern computer packages make it
possible to avoid routine computational calculations and to find an analytical
solution of the equation without introducing additional variables. Given the
representation of Bessel functions in the form of a series, it is undoubtedly
remarkable to be able to construct functions in Maple, according to which a visual
representation of these functions is created, which allows us to study their
behavior.

Practical examples of finding the general solution of Bessel's equation and
leading to it showed the advantages of computer mathematics programs and as a
consequence confirmed the alternative method of finding the solution by means of
computer mathematics systems software.

Conclusion. The development of information technologies at the present
stage opens new modern methods of solving mathematical problems. The
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combined method, including methods of the theory of differential equations and
realization in the system of computer mathematics, as shown in this article is very
productive. The characteristic feature of the method is the efficiency of solution,
speed of calculation, which makes it possible to use in solving applied problems.
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10.P. Kpaxmanesa
M.X. lynamu ameiHOarel Tapa3s eHipnik yHusepcumemi, Tapas K., KasakcmaH

KOMMbIOTEPNIIK MATEMATUKA *YWECIHAE
BECCE/Ib ®YHKUMANAPbI MEH TEHAEY/IEPI

AHpatna. MaTtemaTuKanblKk  $U3MKA  ecenTepiH  Wewyne  TEXHWKAbIK
MacesieNepiHiH, ©3eKTifir bla calblH apTbin Kenedi. KomnbloTepik TEXHONOTMMAHbIH,
AaMybl KaHe onapAbl WewyaiH, 3aMmaHayu ajicTepiH KonaaHyfa akeneni. AHaNUTUKanNbIK,
ecenTey KyihenepiH nanganaHy apKbiabl TMiMAi agic 6oabin Tabbinagpl. An 6yn onapapiH,
eHimMAj Ky3ere acyblHa biknan etegi. Makanaga Maple 6armapnamacbiHgarbl beccenb
TeHAEeYiHiH XoHe OFaH KenTipineTiH TeHaeynepaiH Kannbl WewwimMmiH Taby KapacTbipbibif,
byHKUMANapAbIH rpaduKTepi KypacTblpblifFaH.

TipeK ce3aep: epeklwe HyKTe, 1-peTTi beccenb dyHKuMAckl, beccenb TeHaeyi, 2-
peTTi beccenb GyHKUMACHI, ACUMNTOTUKANbIK CUNATTaMa.
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10.P. Kpaxmanesa
Tapasckuli pezuoHanbHebIl yHusepcumem umeHu M.X. ynamu, e. Tapas, KazaxcmaH

YPABHEHUE U ®YHKLIUU BECCENA
B CUCTEME KOMMbIOTEPHO MATEMATUKMU

AHHOTauMA.  AKTYa/IbHOCTb  TEXHMYECKMX  BOMPOCOB  pelleHua  3ajad
MaTEMATUYECKOM GU3MKK C KaXKAbIM rOA0M pacTeT. PasBUTUE KOMMNbIOTEPHbIX TEXHOOTNA
NPMBOANUT K NPUMEHEHUIO COBPEMEHHbIX METOAO0B ANA UX peweHusa. IPPeKTUBHbIM
MeTOLOM PacCMaTPUBAETCA MNPUMEHEHWE CUCTEM aAHANUTUYECKUX BbIMMCAEHUMN, YTO
cnocobcTBYeT NPOAYKTUBHOMY WX BHEAPEHUIO. B cTaTbe paccMaTpMBAETCA HaXOXKAeHWe
obuiero pelweHunsa ypaBHeHMa beccens 1 NpMBOAALLMXCA K HEMY YPaBHEHUI B MpOrpamme
Maple, nocTpoeHbl rpadukm dyHKUUK.

KntoueBble cnoBa: ocobasa Touka, OyHKUuMs beccens 1-ro poaa, ypaBHeHue
Beccenn, dyHKuMA Beccens 2-ro poaa, aCUMNTOTUYECKOE NOBEAEHME.
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