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EVALUATION OF FUNCTIONS WITH MATRIX ARGUMENTS IN
A COMPUTATIONAL MATHEMATICS SYSTEM

Abstract. Functions with matrix arguments represent a mathematical generalization
of functions of numerical arguments. Of particular interest is the determination of functions
of matrices and the calculation of their values, primarily in connection with the solution of
applied problems. It is possible to minimise the computational complexity, which is related
not only to the increase in the order of the matrix but also to the presence of simple and
multiple roots of the matrix's characteristic polynomial, by performing such computations
in modern computer mathematics software packages. The present article develops code for
computing a function with a matrix argument, in the case of simple roots of the matrix's
characteristic polynomial, in the Maple system.
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Introduction. In matrix analysis, particular attention is paid to matrix
functions. This is due both to their use in fundamental research and to their
numerous applications — in control theory, quantum mechanics, and electrical
engineering. Let us consider the definition of matrix functions and the calculation
of their values.

Conditions and methods of the study. Let Abe a n square matrix:

ay 8 - Gy

a a Lo a
A=| 2 22 2n

a, 4, .. 4,

f(A)is an arbitrary function of the scalar argument A. The following
considerations are to be made f (A1) with matrix values, that is, the objective of this
study is to define the function of matrices. f(A). As is well known, the simplest
functions of matrices are polynomials. The following investigation will consider
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the f(A4) with matrix values. The objective is to define a function of matrices
f(A). It is a recognised fact that the simplest functions of matrices are
polynomials. Thus, if f (A1) is of the form:

f(4)= 7/0/1' + ;/1/1'_1 +..+7,

then, substituting A = A, we get:
f(A) =y, A +7,A" +..+7E.

Given this specific case, it is interesting to consider the general case. Let
¥ 5 (A) be the minimal polynomial of the matrix A:

wald)=(A-4)"(A-2)"..(A-4)"™, @

S
degrees of M:m = deg(//A(/I):ka , where A4, 4,...,As — eigenvalues of a
k=1

matrix A, and various: A4, # 4, #...# A, o(A) = {ﬂi,./lz,...,/is}.
Suppose that the polynomials g(A) and h(A) are equal, i.e.

g(A) =h(A). 2)

Then their difference will be equal to 0: g(4)—h(4)=0. Denoting the
difference as d(1) = g(4) —h(A4), we find that d(A)is a nilpolynomial for the
matrix A. Then the difference d(A)is divisible by y , (1) without a remainder,
which can be written as:

g(4) =h(4) (mody (1)). ©)

Hence, by virtue of (1)

d(4,)=0,d"(4)=0,.,d™?(1)=0(k=12,...,s),

9(2) =h(2),9'(4) =N (4),-, g™V (4) =" () (k=12.....5). (4)

The values of function f(4)on the spectrum of matrix Aare the M
numbers:

FO (A TP (A) (k=12...,9). )
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It is asserted that the function f (1) is defined on the spectrum of the matrix
A. The system A is designated as a system of values of the function f (1) on the
spectrum of the matrix A . In the absence of definition of the function f(A)on

the spectrum of the matrix A, the function A _ is also undefined. In the context
of the system (5), the following notation is employed: f (A ,).. [1-3].

So the function f (1) =e"* is defined on the matrix spectrum:

The minimal polynomial of the matrix y,(4) = (A +1)*(1-2) is defined
as having two roots 4, =—1, with a multiplier M, =2 and, as well as another root

A, =2 with a multiplier m, =1. The function f(1)=e"is defined by the set of
values and its derivative.

to 4, =-1: f(ﬂl)ze’“,f(—1)=e1=%;f’(21):/11e*1,
f'(-)=—-e'=-=;

to A, =2: f(1,)=e%,f(2)=¢>,

This function f (1) = e’ is defined on the spectrum of the matrix A, and the

set of values f (A ,).. isas follows: f(A,)= {1,—£,e2}.
€ €

The same cannot be said of the function f (A1) =% on the matrix spectrum

2 1 . . . 2
B:B= 4 ol The minimal polynomial of the matrix B : w5 (4) = A" has
one root A =0 with a multiplier m= 2. Function values f (1) =% when 1 =0

is not specified. Therefore, the function f (1) =% is undefined on the matrix
spectrum B . Therefore, the function of the matrix is undefined f(B).

It has been demonstrated that the function f (A1) = % on the matrix spectrum

2 1
B:B :( 4 2} does not hold the same validity. The minimal polynomial of

the matrix B : y (1) = A" is defined as having one root, A =0with a multiplier
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m =2 In the absence of specification regarding the function values f (1) = % the

following function values 4 =0 are to be employed: It can thus be concluded that

the function f (A1) :%is undefined on the matrix spectrum B . In consequence,

the function f (B) of the matrix is undefined.

It is evident that for f(A)to be comprehensible, it is sufficient that the
function f (1) be defined at the characteristic points 4;,4,,..., 4. In the event that
w 5 (1) possesses multiple roots, then the derivatives f(A) -, up to a certain
order must be defined at specific characteristic points. From the equations (3), it is
evident that the polynomials g(A)and h(A) possess identical eigenvalues within
the spectrum of the matrix A:g(A,)=h(A,)..

The converse is likewise valid: if (3) follows (2), then (2) holds.

It can thus be concluded that, given a matrix A, the values of the
polynomial g(A)on the spectrum of matrix A are unique in determining the

matrix g(A). It is evident that all polynomials g(A),. that possess identical

values on the spectrum of the matrix A also possess identical matrix values
g(A).. This assertion is applicable to the general case, that is to say, the values of

the function f(A)on the spectrum of the matrix A must completely determine
f(A). Inbrief, all evident functions f(A1)exhibit equivalent values within the

spectrum of the matrix A. This observation persists when the matrix is considered
as the argument. It is evident that in order to define the function of the matrices
f(A), it is sufficient to find a polynomial ¢(A)with the same values on the

spectrum of the matrix Aas f(A). In this particular instance, the following
elements are at stake:

F(A)=g(A).

The following definition is thus proposed: In the event of a function f (A1)
being defined on the spectrum of the matrix A, it can be concluded that
f (A) = g(A),is a polynomial whose matrix spectrum contains the same values as
f(1):

g(AA) = h(AA)'

It is evident that there is at least one polynomial of degree g(A)whose

eigenvalues in the spectrum of the matrix A coincide with those of f (1), we can
speak of an infinite number of such polynomials. Among these, there is a unique

polynomial of degree r,(A) which has a degree less than M and such that:

f (AA) = r(AA) .

The ensuing interpolation conditions are applicable to the polynomial: r, (A1) :
457
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r(ﬂ’k) = f(ﬂ’k)’r'(ﬂ“k) = f'(ik)’---’r(mk_l) (ﬂ“k) = f™ (ﬂ’k) (k =1,2,---,5) (6)

which uniquely determine it. The polynomial r,(1)is called the Lagrange—
Sylvester interpolation polynomial for the function f(4)on the spectrum of the

matrix A.[2]
It can thus be concluded that, in the event of the function f (1) being

defined on the spectrum of the matrix f (A), the Lagrange-Sylvester interpolation
polynomial corresponding to r,(A) is therefore its inverse.

f(A)=r(A).

In the event of r,(1) the Lagrange—Sylvester interpolation polynomial for
the function f(A)being considered on the spectrum of the matrix A, the
following equation is obtained:

f(A)=r(A) = {r(A),r(A),...r(A)} (7)

It is widely accepted that the minimal polynomial y, (1) for A is regarded
as the nullifying polynomial for each of the matrices A, A,,..., A, from the given

equation A, A, ..., A,
FAL)=T(AL) e F(AL)=T(AY).
Itis
f(A)=r(A)... T(A) =r(A)

The following is the representation of equality (7) :

F(A) ={f(A), T(A).. F(A)} 8)

In order to facilitate an adequate analysis of this particular problem, it is
necessary to establish certain fundamental concepts. Thus, for a given scalar
function f(4)and matrix A, the construction of a polynomial r, (1) should be

undertaken, such that the values f (4)and r, (1) coincide on the matrix spectrum.
f (AA) = r(AA)

1) A case where the characteristic equation |/1E - A| =0 has no multiple

roots. Let A4,,4,,...,4, be the roots of this equation, which are the characteristic
values of the matrix A Then
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V() = [AE = A= (A - 2) (A= 2) (A~ 2,),
and condition (6) is written as follows:
r(4,)=~1(4,) k=12,..,n).

In this case r,(4) is the standard Lagrange interpolation polynomial for the
function f (A1) atpoints 4, 4,,..., 4, :

SPITED QO 8 0 O M G N IR

A)
k=1 (/lk _ji)"'(ﬂ“k _ﬂ“kfl)(ﬂ’k _j“kJrl)"'(ﬂ“k _/ln)

Thereafter:

f (A) - I’(A) — Zn: (A_j’lE)"'(A_//]’k—l)(A_ﬂ’kﬂE)“'(A_ﬂn E) f
= (A -4 =4 —Ag) (A = 4)

(4)-

2) Roots of a characteristic polynomial may be multiple while those of a
minimal polynomial are simple: /(1) = (A - 4,)(A - 4,)..(A - 4,).

In this instance, as was the case in Case 1, it can be demonstrated that all
exponents of M, in are equivalent to one. The following equation (6)can be
written in its various forms:

r(4) = f(4) k=12,.,m).

The number r, (1) is represented in the form of a standard Lagrange interpolation
polynomial.

F(A) = r(A) :Zm:(A—%E)---(A—/lk_l)(A—/1k+1E)...(A—ﬂ,mE)f
= (A =) (A = A) A = Aer) (A = A)

3) This is the general case.

(4)-

y(A)=(A-A4)"(A-2,)"..(A-4)™ m +m, +..+m, =m),
r(4)

The following hypothesis is put forward: W is a proper rational function,
7%

and can be expressed as the sum of simple fractions:

rd) < Ay 2% A m,
= + +... 9
v (4) kz; (’1_}% )mk (ﬂ’_ﬂ“k )mkil A=A ©)
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where @,;(j =12,....m;k =12,...,8) — some numbers.

Let’s identify the numerators of simple fractions &; in (9) . In order to
accomplish this task, it is necessary to multiply both sides of the final equation by
(xl—/lk)mk. Let us introduce the following notation for the resulting expression

v, (4) of the polynomial &)mk The result is:

(A-4)

r(A)
v (1)

(1= A Mt i (2= A 4 (12, 6(0)

(k=12,....s), (10)

where S(1)— a rational function that is regular at 4 = 4, . From this, we obtain

S CoIR

a,, {%} aeay = 1(A4, ){ﬁ(x)} ai + r’(ﬂk)m,...(k =12,...,9).

Formulas (11) demonstrate that the numerators ,; located on the right-hand

the following formulas (11) :

side of the equation (9) are expressed in terms of the values of a polynomial r(4)

situated on the matrix spectrum A. The following values are defined as being
equal to the corresponding values of the function f (/1) and its derivatives. Thus,

1)
kl_‘//k(ﬂ'k)’

!

a,, = f(4, )L/Lu)} dmte + f'(/zk)%&k)...(k =12,...,8). (12)

The following is the shorthand notation for the formulas (12) :

1| f(a) -
o =~ | ) j=12,...m k=12,..,5). 13
ki (i_l)!{‘//k(ﬂ):lkﬂk (] m. S) 13

Subsequent to the determination of all'e,j, the r(A). are ascertained

through the utilisation of the formula. This formula follows from multiplying both
sides of the equation (9) by w(4):
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r(1)= zs“[akl +a (A=A )+t (A-4 )mk‘l]-t//k (A1) (@4)

In expression (14), the term in square brackets—the coefficient of v, (/1),

in the (13) power can be expressed as the sum of the first M, terms of the Taylor

f(4)

series expansion (l — 2, ) for the function )

Let be an A real matrix. It can thus be demonstrated that the minimal
polynomial (1) has real coefficients and roots. The characteristic numbers 2,

may be real or complex conjugate in pairs; in the case of A, :/1_h, the

multiplicities M, =M, .are equal. In the context of a real function f(4) on the
spectrum of matrix At can be demonstrated that all values of A, must be real.

Furthermore, in the case of two complex-conjugate eigenvalues A,and 4, = /1_h

it is evident that the corresponding values on the spectrum are complex
f(ﬂ,g ): (4,) f’(ﬂbg ): f'(4, ),-.. It can thus be demonstrated that, by virtue of

formula (14), the interpolation polynomial r,(A) has real coefficients. However,
r(A), and consequently f(A)=r(A), constitutes a genuine matrix [3-4].

To illustrate this point, consider the following example: The aim of this
study is to calculate the value of the given function f(A)=r(A)on the matrix
spectrum:

5 -3 2
A=| 6 -4 4
4 -4 5

Solution. The following investigation will concern the construction of the
characteristic polynomial of the matrix A:
5-14 -3 2
Ad)=|A-2E|]=| 6 -4-2 4 |==6-11+622-21=(1-1)-(1-2)-(1-3)
4 -4 5-1

In order to facilitate comprehension, the polynomial is presented below,
along with the simple roots 4, =1, A, =2, 4, =3. In this particular instance, it is

more expedient to adopt the Lagrange—Sylvester interpolation polynomial as the
matrix function:

P =3 ()= 1() B3] g (D3] g -2 (2-2)

= %(/1—2)-(/1—3)f @0)-(2-1)-(1-3)- f(2)+%(/1—1)-(/1—2)- f(3)
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In consideration of the specified function f (A1), which is defined on the
spectrum of the matrix A, the following results are obtained:

ry(4)= ;(4—2)-(1—3)- f(1)-(1-1)-(1-3)- f(2)+;(l—1)- (1-2)- £(3) (15)

For the purpose of this study, the function f (A) =In Awill be located, then,
for this function r, (1) when A =Athe formula (15) looks like:

INA=r(A) = %(A—ZE) (A-3E)-In1-(A-E)-(A-3E)- |n2+%(A—E).(A—2E)- In3

Substituting the matrix A and the identity matrix E , we obtain the value of
the matrix function:

4 -3 2) (2 -3 2 (4 -3 2)(3 -3 2
INA=r(A)=—-|6 -5 4|-|6 -7 4|-In2+=|6 -5 4|-|6 -6 4|-In3=
4 -4 4)\4a -4 2 2la —4 a)\a -2 3

—2In2+4In3 In2-4In3 4In3
=|-2In2+8In3 In2-8In3 8In3
8In3 -8In3 8In3

As we can see, using formula (15), we can find the value of any function

with a matrix argument. Given the computational complexity of the process, we
will perform the calculation using the modern computer software package Maple.
We will use the specialised LinearAlgebra package, which is designed for matrix
operations. The initial matrix is entered, and the characteristic and minimal
polynomials are computed. The roots of the minimal polynomial are then found,
and subsequently factored [5]:

restart;

with (LinearAlgebra);

A:=Matrix(3,3,[3,-3,2,6,-4,4,4,-4,5]);

Xm.=factor((CharacteristicMatrix(A4,lambda)));

Mm:=factor((MinimalPolynomial(4,lambda)));

KMm:=solve(Mm,lambda),

lambdal :=KMm/[1] lambda2:=KMm/[2]:lambda3:=KMm|3];

5 -3 2
A=|6 -4 4

4 -4 5
A-5 3 2

Xm:=| -6 A+4 -4
-4 4 A-5
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Mm:=(A-1)(A-2) (A -3)
KMm:=1,2,3
Al=1 A2:=2 A3:=3

Evidently, the roots of the minimal polynomial are distinct, as would be
expected according to the theory. The formula for the interpolation polynomial is
therefore written down as follows:

FA:=f(lambdal)*P1+f{lambda2)*P2+f{lambda3)*P3;

FA:=f(1) P1 +f(2) P2 + f(3) P3

Let us calculate the polynomials in turn P1,P2,P3, using the symbols for

each characteristic number, and then we derive the formula again FA, which, in
this case, we shall denote as FAL [6]:

Pl:=({lambda-lambda2)*(lambda-lambda3))/({lambdal-lambda2) *(lambdal-lambda3));
P2:=({lambda-lambdal ) *(lambda-lambda3))/[{lambda2-lambdal ) *(lambda2-lambda3));
P3:=({lambda-lambdal ) *(lambda-lambda?2))/({lambda3-lambdal ) *(lambda3-lambda2));
FAl:=f{lambdal)*PI+f{lambda2)*P2+{f{lambda3) *P3;

1= (:-2)(1-3)
P2:=—(L—-3)(h—1)
g = (-1 (1-2)

FAL :=%f(1)(x—2)(k—3)—f(2)(k—3)(x-1)+%f(3)(k—1)(k—2)

Given a function expressed as A in FAL, we convert it into an expression
containing matrix elements. To do this, we work with the numerator of each
polynomial P1,P2,P3, at the same time A replace with a matrix A, and we
replace the characteristic numbers with the product of that number and the identity
matrix E [5]-[6]:

Al :=MatrixAdd(A4, Multiply(Identity Matrix(3), (-lambdal }));
A2:=MatrixAdd(A, Multiply(Identity Matrix(3), (-lambdaZ)));
A3:=MatrixAdd(A, Multiply(IdentityMatrix(3), (-lambda3)));
ChPI1A:=Multiply(42,43);
ChP2A:=Multiply(A1,43);
ChP3A:=Multiplv(41,A2);
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4 -3 2 3 -3 2 2 -3 2

Al=|6 -5 4| A2:=|6 -6 4| A3:=|6 -7 4

4 -4 4 4 -4 3 4 -4 2
-4 4 -2 -2 10 2 -2 2
ChP1A:=|-8 8 -4| ChP2A:=|-2 1 0| ChP3A:=|4 -4 4
-4 4 -2 0 00 -4 4

All numerators P1,P2,P3, As expected, they are represented as matrices.
For the matrix representation P1,P2,P3 all that remains is to multiply the
numerator and denominator of the polynomial:

PPI:=Multiply(ChP1A,denom(Pl));
PP2:=Multiply(ChP2A,denom(P2));
PP3:=Multiply(ChP3A,denom(P3));

8 8 -4 2 10 4 -4 4
PP1:=|-16 16 -8| PP2:=|-2 1 0| PP3:=|8 -8 8
8 8 -4 000 8 -8 8

All the polynomials that make up the formula FAL are represented using
matrices. The formula for calculating values with a matrix argument is now ready.
Let’s define the function f(1)=InA for calculation f(A)=InA. And we write

the commands to calculate the values f(1), f2, f(3), using the expression
simplification command simplify [6]:

f:=In(lambda);

[ :=simplifv(subs(lambda=lambdal ff));
[12:=simplifv(subs(lambda=lambdaZ,ff));
[13:=simplifv(subs(lambda=lambda3,ff));

ff:=In(h) ffl:=0 2 :=In(2) i3 :=In(3)

Let’s calculate each term FA and sum them using the command simplify [6]:

PPIff1:=simplifv(Multiply(PP1,{f1));
PP2ff2:=simplifv(Multiply(PP2,f2));
PP3ff3:=simplifv(Multiply(PP3,{73));
FA4:=PPIff1+PPff2+PP3ff3;

0 0O -2In(2) In(2) O
PP1ffl :={0 0 0| PP2ff2 :=|-21In(2) In(2) O
0 0O 0 0O O
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41In(3) -4In(3) 41In(3)
PP3ff3 :={81In(3) —-8In(3) 8In(3)
81In(3) -8In(3) 8In(3)

~21In(2) +41In(3) In(2)-41In(3) 41In(3)
FA4 :=|-21In(2) +81n(3) In(2)-81In(3) 8In(3)
8 In(3) —8In(3)  8In(3)

Functions with matrix arguments represent a mathematical generalization of
functions of numerical arguments. Of particular interest is the determination of
functions of matrices and the calculation of their values, primarily in connection
with the solution of applied problems. It is possible to minimize the computational
complexity — which is related not only to the increase in the order of the matrix but
also to the presence of simple and multiple roots of the matrix’s characteristic
polynomial — by performing such computations in modern computer mathematics
software packages. This article develops code for computing a function with a
matrix argument, in the case of simple roots of the matrix’s characteristic
polynomial, in the Maple system.

restart;

with (LinearAlgebra);
all:=3:al2:=-3:al3:=2:a2l:=6:a22:=-4:a23:=4:
a3l:=4:a32:=-4:a33:=3:
A:=Marrix(3,3,[all,al2,al3,a2]1,a22,a23,a31,a32,a33]);

Research findings. Currently, great importance is attached to methods that
can provide efficient solutions, characterised by high computational speed and
avoiding complex calculations. The present study has sought to contribute to the
existing body of knowledge on the subject through the conduction of empirical
testing. The results of this testing have confirmed the hypothesis that, in the case of
simple roots of the characteristic polynomial, it is more rational to find functions of
a matrix argument using the Lagrange-Sylvester interpolation polynomial.
Efficiency is improved when performing calculations in a computer algebra
system, which suggests the use of automated code not only for matrices of order 3,
but also of higher order: for this, it is necessary to add polynomials Pi
sequentially.

Discussion of the research results. The practical implementation of this
system within the domain of computer mathematics facilitates the examination of
the evaluation of a function of matrices in the case of multiple roots of the matrix's
characteristic polynomial. The code developed will undoubtedly complement the
automated code presented in this article.

Conclusion. The application of computer technologies facilitates the
implementation and operation of methods which, to date, combine the
implementation of mathematical methods in computer mathematics systems whilst
taking into account their specific characteristics. The developed codes form the
basis for widespread use in various applications.
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10.P Kpaxmanesa
Tapasckuit yHusepcuteT um. M.X. lynatu, Tapas, KasaxctaH

BbIYUCNEHUE GYHKLIUIA C MATPUYHBIM APTYMEHTOM B CUCTEME
KOMMbIOTEPHOM MATEMATUKU

AHHOTAUMUA.DYHKUMM €  MATPUYHBIM  aprymMeHTOM MpeacTaBaalT  coboi
MaTemaTMyeckoe  pacwmpeHue  GYHKUMI  OT  4YMCNOBbIX aprymeHToB. MHTepec
npeacTaBaseT HaxoxKaeHue GyHKUMIA OT MaTpuL, U BbIYMCNEHWME UX 3HAYEHU npeskae
BCErO CBA3AHHbIN C peleHWem NPUKAagHbIX 33adad. MWHMMKU3MPOBATL TPYAOEMKOCTb
BbIYMC/IMTENIbHOTO MPOLLECCA, KOTOPbIM CBA3AaH HEe TONbKO C YyBeAMYEHMEM nopaaKa
MaTpULbl, HO WU HAa/IMYMEM MPOCTbIX U KPaTHbIX KOPHEN XapaKTepUCTUYECKOro NoanHoOMa
MaTpuLLbl BO3MOKHO NPV MNPOBEAEHUN TaKWUX BbIYMC/AEHWUIA B COBPEMEHHbIX NaKeTax
KOMMbIOTEPHOM MaTemaTuMKK. B cTaTbe pa3pabaTbiBaeTcAa Kog, BblMMCAEHMA GYHKUMM C
MaTPUYHbIM aprymMeHTOM, B C/ly4ae MPOCTbIX KOPHEM XapaKTepucTMYECKOoro MoanMHOMA
MaTpuLbl B cucteme Maple.

KnioueBble c€n0Ba: MaTPUUHbLIA  AprymMeHT,  XapaKTEPUCTUYECKME  KOPHM,
WHTEPMNONALMOHHBIA NOAMHOM JlarpaH»a - CuabBecTpa, CNeKTp MaTpuLbl, MMHUMaAbHbIN
NOJIMHOM

10.P. Kpaxmanesa
M.X. lynatu aTbiHA4afbl Tapas yHusepcuTteTi, Tapas, KasaxcraH

KOMMbIOTEP/IIK MATEMATUKA YWECIHAE MATPULIANBIK APFTYMEHTI BAP
®YHKLMANAPAbI ECENTEY

AHHOTauMA.MaTpuuanblK aprymeHTi 6ap ¢yHKUMANap CaHAblK aprymeHTTepAaeH
bYHKUMANApAbIH, MaTEMATUKabIK KEHEIH cunaTTangbl. MatpuuanapgaH GyHKumAnapabl
Taby XoHe onapAblH, MIHAEPIH ecenTey eH, anAbiMeH KongaHbanbl ecentepi WelwymeH
6aiNaHbICTbl KbI3bIFYLWbINbIK TyAblpaabl. KOMNboTepAiK MaTeMaTUKaHbIH, Kasipri 3amaHfbl
nakeTTepiHAe OCblHAAlM ecenTeynepai Kyprizy KesiHae maTpuua ToapTibiHiH, y/ifatobiIMeH
faHa emec, COHAaM-aK MaTpULaHbIH CMNATTaManblK KeMnMYLUeAiriHiH, KapanalbiM aHe
eceni TybipnepiHiH, 6onybimeH 6aifaHbICTbI ecenTey NPOLUECiHiH, eHOeK CblibIMAbINbIFbIH
bapblHWa asaiTyra 6onagbl. Makanaga Maple kyleciHaeri cunatTamanblk, maTpuua
KenmyLleniriHiv, Kapanaibim Tybipnepi xafganbliHAa MaTPUUANBIK Aa1eni 6ap GyHKUMAHDI
ecenTey KoApl a3ipaeHeai.

KinT cespep: maTpuuanblk aprymeHT, cunatTamanblk Tybipnep, JNlarpaHx -
CunbBeCTp  WMHTEPNONAUMANDLIK  KeNMYLUeNikTepi, maTpuua ChNeKkTpi, MUHUMANAbI
KenmyLenik
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